Abstract: We consider U (N ) SQCD on S 5 and propose a Higgs branch-like expression for its partition function. We support the result by arguing that the knowledge of certain BPS codimension 2 and 4 defects arising from Higgsing is enough to reconstruct the bulk partition function, and that the defect partition functions satisfy a set of non-perturbative Schwinger-Dyson equations. We show that the result is consistent with, and naturally come from, the BPS/CFT perspective. In this language, the defect partition functions are identified with free boson correlators of the q-Virasoro modular triple, and the constraint equations with Ward identities satisfied by the corresponding Dotsenko-Fateev q-conformal blocks, providing a natural basis to expand the S 5 partition function.
Introduction
In recent years, localization has been an amazing tool for non-perturbative studies of SUSY gauge theories in various dimensions and backgrounds (see [1, 2] for a review). Compact manifolds are ideal spacetimes because they provide natural infrared regulators and allow more straightforward application of the relevant mathematical techniques.
The localized BPS observables of SUSY gauge theories on compact spaces, such as the partition functions, are usually presented as matrix-like integrals over the Cartan subalgebra of the gauge group, a scheme a.k.a. Coulomb branch localization. However, scheme independence implies that these observables may have completely different but equivalent expressions, and one presentation can be better than (or complementary to) another depending on the purpose. In fact, another popular localization scheme is Higgs branch localization, in which case localized BPS observables are typically presented as summations over discrete sets of solutions to certain vacuum equations. In lower dimensions, it is often possible to explicitly show the equivalence of the two approaches by brute force residue calculus (see e.g. [3] [4] [5] [6] [7] [8] [9] [10] ). However, this is not the case in higher dimensions, where the presence of instantons makes life much harder. The study of the alternative Higgs branch localization scheme in higher dimensions has begun only recently [11] [12] [13] . Remarkably, this approach has provided a new window into a class of codimension 2 and 4 defects of 4d N = 2 gauge theories on the 4-sphere S 4 [14, 15] , including their AGT duals [16, 17] in Liouville/Toda 2d CFTs [18] .
In this note, we focus on SUSY gauge theories on the 5-sphere S 5 [19] [20] [21] [22] [23] [24] . The main goal is to provide a Higgs branch-like expression for the partition function of the 5d N = 1 U (N ) SQCD, closely following [25] . This concrete choice is due to the simple brane realization of the theory [26, 27] and the known BPS/CFT and 5d AGT description (before and after fiber/base duality [49, 50] ). However, most of what we discuss for this model is expected to generalize to quiver theories. One of our guiding principle is that the it should be possible to reconstruct the S 5 partition function from the knowledge of certain BPS defects, very much in the spirit of [51] for the 4d superconformal index (see also [52] ), and that the defect partition functions should have a dual 2d CFT-like interpretation (see e.g. [53] [54] [55] [56] [57] in four dimensions). While our Higgs branch result formally follows from the residue calculation of the matrix integral, we do not have a rigorous proof of its equivalence with the Coulomb branch expression due to some assumption on the contributing poles. However, we support our proposal by showing that it has all the expected properties, both from the the gauge theory and 5d AGT perspectives: i) the partition function has poles at special values of the mass parameters due to the pinching mechanism of the integration contour, and taking the residues can be interpreted as RG flows to defect theories; our proposal indeed assumes the form of a discrete sum whose summands capture the partition functions of codimension 2 and 4 defects which are consistent with the Higgs phase from the brane picture; ii) our proposal looks like the compact space version of a similar result in the 5d Ω-background [58] , which can be proven combinatorially; iii) the defect partition functions can manifestly be constructed through the q-Virasoro modular triple [59] , in agreement with [35, 36] ; quite interestingly, it turns out that the free boson correlators form a natural basis for solutions to q-deformed Ward identities or q-conformal blocks, and a similar approach has been recently used to study W 3 conformal blocks of Toda 2d CFT [60] .
The rest of this note is organized as follows. In section 2, we briefly review part of the geometry of the odd dimensional spheres we are interested in as well as the Coulomb branch matrix model of the U (N ) SQCD on S 5 , and we give our proposal for its Higgs brach representation. In section 3, we summarize the q-Virasoro modular triple construction and show its relevance to the physics on S 5 . In section 4, we comment on open questions and outlook. Due to space limitations, we could not provide all the relevant background to both subjects, most of which can be found in the cited literature. For the same reason, we could not include technical appendices summarizing standard gauge theory results and definitions of various special functions, which can be found in the references.
fibration over a solid triangle (resp. an interval). We also indicate several tubular neighborhoods of the S 1 (i,j) inside the three S 2 The supersymmetric gauge theory
The geometry
The round S 5 defined by equation |z 1 | 2 + |z 2 | 2 + |z 3 | 2 = 1 in C 3 is a toric Sasaki-Einstein manifold equipped with a canonical contact structure and an associated Reeb vector. A refinement is provided by the squashed S 5 , which is defined through a deformation of the Reeb vector specified by the real part of three complex squashing parameters ω 1 , ω 2 , ω 3 . Similarly, the squashed 3-sphere S 3 comes with a single squashing parameter b (we refer to [61, 62] for further details on these geometries). Due to the toric nature, S 5 (resp. S 3 ) can be glued out of elementary patches C 2 × S 1 (resp. C × S 1 ) sitting at the corners of a torus T 3 (resp. T 2 ) fibration over a solid triangle (resp. interval). The three edges of the triangle correspond to three submanifolds S 3 (i) ⊂ S 5 specified by the condition z i = 0, where the 5d Reeb vector induces the 3d Reeb vectors on S 3 (i) with squashing parameters
, corresponding to the three vertices of the triangle. This is illustrated in Figure 1 . For later discussion, in Table 1 we have organized the squashing parameters into exponentials. From Table 1 . The 5d squashing parameters can be reorganized into a set of exponentiated parameters. Each column can be associated to a vertex of the triangle in Figure 1 , as indicated by the subscripts (i, j).
the naming conventions, one can infer that each pair of parameters (q, t) is associated to a vertex in Figure 1 . The pattern
any even permutation of (1, 2, 3), will be used throughout this note.
The partition function
The partition functions of 5d N = 1 SUSY gauge theories on the squashed S 5 can be computed via localization [21] [22] [23] [24] . The result for U (N ) SQCD reads
where the classical and the 1-loop contributions are given by
where g YM is the Yang-Mills coupling, M I are the masses of (anti-)fundamental hypers (depending on the sign) and we defined ω ≡ ω 1 + ω 2 + ω 3 . The definition and properties of the triple Sine function can be found in [63] . It can be shown that these pieces respect the toric structure of S 5 , meaning that they are factorizable into three factors capturing the contributions from the tubular neighbourhood C 2 × S 1 of the three toric fixed-points [24, 36, 64] . Since it is believed that this is a property of the full integrand, the instanton part Z S 5 inst is usually presented as the product of three 5d Ω-background instanton partition functions [65] [66] [67] [68] [69] [70] with equivariant parameters entering as in Table 1 .
The integration contour in (2.1) is along the real Cartan subalgebra of the gauge group parametrized by constant scalars Σ A in the vector multiplet. When all the external parameters are generic, one can close the contour by infinitely large half circles in the Σ A planes and try to explicitly evaluate the integral by collecting the residues of the enclosed poles. The real challenge is to control them. We can essentially split the computation into two steps, namely the identification of the relevant class of poles and the summation over inequivalent classes. First of all, there are obvious poles in the 1-loop determinant at
for masses M A of any N out of the 2N fundamental hypers, and any set of non-negative integers {n
A }. We believe (and substantiate in the next section) that these are all the relevant poles that contribute to the final result. 1 We also let M B denote the masses of the remaining N hypers. A selection of N out of the 2N hypers will be referred to as a Higgs vacuum, written as HV for short. For this type of poles, it turns out that for each Higgs vacuum and three given non-negative integers {n (i) }, the sum of the residues at the poles with fixed N A=1 n (i) A = n (i) combine into something remarkably simple, namely
1 It can be proven in the Abelian case, where instantons can be easily resummed.
where Z S 5 cl | HV is the classical exponential factor evaluated at the selected HV with n (i)
HM | HV is the S 5 partition function of N 2 free hypers with masses
The last factor in (2.4) can be interpreted as the partition function of a gauge theory on the intersecting space
, which deserves a bit of explanation. The gauge theory can be defined by placing the usual U (n (i) ) SQCDA 2 on each S 3 (i) with the FI parameters turned on. The 3d degrees of freedom are further coupled to additional pairs of 1d chiral multiplets living on the intersections S 1 (i,j) and transforming in the bi-fundamental representation of the neighboring 3d gauge groups U (n (i) ) and U (n (j) ). Such a gauge theory is nothing but the worldvolume theory of codimension 2 defects intersecting at codimension 4 loci arising from the baryonic Higgsing procedure described in [51, 71] . The masses of the adjoint chirals are determined purely by the geometry as m
A (resp. anti-fundamentalm 6) and finally the FI's are related to the 5d coupling as ζ
there are relations between the masses 3 across the three S 3 (i) , signalling the presence of additional superpotential couplings between the subsystems. Schematically, the partition function can be organized into the elegant matrix model
where each term in the first factor encodes the classical and 1-loop contributions from the individual U (n (i) ) SQCDA on S 3 (i) , and each term in the last factor represents the contribution from the 1d chiral multiplets on the circle S 1 (i,j) . Their explicit expressions and the integration contour 4 can be found in [25] . We emphasise that the choice of Higgs vacuum HV affects all the factors in (2.4). In particular, it determines the masses in (2.7). The resulting theory can be described by a quiver gauge theory, part of which is illustrated in Figure 2 . The detailed presentation of the technical derivation of the result is beyond the scope of this short note due to space limitations. In a nutshell, this essentially follows from 2 With the name U (n) SQCDA, we refer to the U (n) Yang-Mills theory coupled to (massive) n f fundamental, n f anti-fundamental and 1 adjoint chiral multiplets. 3 In particular, 4 The contour is specified by a Jeffrey-Kirwan prescription. a few combinatorial manipulations relying on the fact that: i) the residues at the poles (2.3) of the S 5 1-loop determinant can be written in terms of S 3 and S 1 determinants (double and single Sine functions) and a 5d remnant; ii) at the same points, the SQCD instanton partition functions collapse to SQCDA vortex partition functions. We refer to [58] for analogous computations in the 5d Ω-background, [25, 72] for the intersecting space S 3 (i) ∪ S 3 (j) (i.e. the n (k) = 0 sub-case) and [12, 25] for the similar four dimensional setup. Finally, under our working assumptions, the full S 5 partition function can be simply obtained by summing the above matrix model over all possible ranks {n (i) } and HV weighted by the classical and free hyper contributions from the bulk. The final result reads
(2.8)
In the next section, we look at this proposal as a consequence of a dual algebraic description of the partition function and a set of identities which each residue has to satisfy. From this perspective, our working assumption of the contributing poles (2.3) can be completely justified, and the tedious technical derivation of (2.8) sketched above can be completely forgotten in favour of a much simpler algebraic construction. In order to do that, we first need to introduce the generating function.
The generating function
In [44] , Kimura and Pestun have considered an extended version of the pure U (N ) partition function in the 5d Ω-background, which includes a set of infinitely many time variables {τ n , n ∈ Z >0 } as external parameters (see also [73] for a short introduction). We refer to it as the generating function Z C 2 ×S 1 U (N ) (τ ). This refined object satisfies infinitely many differential constraints 5 (of arbitrarily high degrees) in the time variables of the form
9)
5 In the matrix model context, these are also known as Virasoro constraints [74] .
where {T m , m ∈ Z >0 } are certain operators built out from the time variables and their derivatives. Notice that the partition function is simply recovered at τ n = 0. This family of operators can be enlarged to include additional operators {T −m , m ∈ Z ≥0 } which do not annihilate the generating function. Altogether, they can be assembled into a formal series T (z) ≡ m T m z −m , providing an interesting gauge theory observable, the qq-character [75] , 6 whose v.e.v. is regular as a function of z. Once this observable is given, one may define the generating function as the unique solution to the constraints (2.9), possibly once additional conditions are imposed. In this formalism, the inclusion of fundamental matter with flavor fugacity µ can be simply accounted for by a constant background for the time variables of the form τ n → τ n + µ n /n, of course resulting in modified constraints. Importantly, the inclusion of matter allows the theory to be Higgsed. In practice, the Coulomb branch parameters are set to special points where the instanton series truncates to a vortex partition function, and it turns out that the generating function of the defect theory also satisfies analogous constraints [78] . This observation has led us to the study of codimension 2 (and 4) expansions of the instanton series [58] , finding that the full Ω-background partition function can be naturally assembled from lower dimensional pieces.
Our goal is to apply this reasoning to the S 5 partition function and to compute (or bootstrap) it by simpler means. In the next section, we show how to build the simplest and most natural solutions to constraint equations for the compact space setup, corresponding exactly to (2.7). The key idea is to study and exploit the quantum group nature of the constraints.
The algebra
The constraint equations (2.9) can be identified with the Ward identities of the q-Virasoro or W q,t −1 (A 1 ) algebra [79, 80] and T (z) with its generating current. This follows from Kimura-Pestun's identification of the generating function with the state made out of infinitely many q-Virasoro screening charges in a Fock module over a reference vacuum of a (q-deformed) free boson. The map between the time variables and the usual Heisenberg oscillators {a n , n ∈ Z × } is roughly given by τ n ∼ a −n , ∂/∂τ n ∼ a n , n > 0, with the Fock vacuum identified with a τ -independent function. This construction can obviously be extended to include an arbitrary number of commuting copies of the algebra. However, when considering three copies with deformation parameters entering as in Table 1 , a peculiar construction, the q-Virasoro modular triple, arises [59] . In this section, we show how this algebraic setting naturally leads to (2.8).
The q-Virasoro algebra
The q-Virasoro algebra can be defined as the associative algebra generated by the generators {T m , m ∈ Z} satisfying certain commutation relations (see e.g. [79] ). The algebra admits 6 For the relation to codimension 4 defects we refer to [76, 77] . a free boson realization in terms of Heisenberg oscillators {a m , m ∈ Z × } and zero modes {P, Q} satisfying the non-trivial commutation relations
where q, t, p ≡ qt −1 ∈ C × are deformation parameters. The generators can be written as
where : : denotes normal ordering (i.e. positive modes and P to the right).
A special and important operator is the screening current S(x), having the property to commute with the q-Virasoro generators up to a total difference, namely [T m , S(x)] = O m (λx) − O(x) for all m ∈ Z and some operators O m (x) and λ ∈ C. A solution is
fulfilling the screening property with λ = q. Notice that the q ↔ t −1 symmetry of the algebra implies the existence of another screening current S(x) where the q and t −1 parameters are exchanged. In the following subsection, we review a construction which uses this symmetry as a starting point to introduce three mutually commuting q-Virasoro algebras admitting only three simultaneous and independent screening currents.
The modular triple
The modular triple construction for the q-Virasoro algebra (V(q, t −1 ) for short) starts with three copies V(q (i,j) , t m , m ∈ Z} and parameters (q (i,j) , t (i,j) ) taking values in Table 1 , for (i, j) ∈ {(1, 2), (2, 3), (3, 1)}. The corresponding Heisenberg algebras are denoted by {a
To combine the three q-Virasoro algebras into the modular triple, we identify their zero modes P (i,j) , Q (i,j) with the same operators P, Q up to proportionality constants. See Figure 3 for an illustration. By direct computation, it is possible to check that there are three composite screening currents that simultaneously commute with all the generators up to total differences, which can compactly be presented as
where we defined ω (i,j) ≡ ω i + ω j . Note that each individual S (i) (X) is a screening current of the modular double discussed in [78] .
(1,2) ) P, Q Figure 3 . A pictorial representation of the gluing of three q-Virasoro algebras into the modular triple.
Modular triple and gauge theory partition functions
One may guess that there is a hidden relation between the modular triple construction and the S 5 or S 3 (1) ∪S 3 (2) ∪S 3 (3) partition functions by noting the identical equivariant parameters. To being with, let us consider the finite product of screening charges 5) and introduce a Fock vacuum state |ξ defined by P|ξ = ξ|ξ , a (i,j) m>0 |ξ = 0. By construction, the action of the operator (3.5) on the vacuum is formally annihilated by the generators of the modular triple, namely
Reorganizing the integrand of the operator (3.5) using the commutation relations of the Heisenberg algebras and performing all the normal orderings, upon suitable identification of variables one can manifestly identify
where the r.h.s. coincides with the matrix model of the gauge theory on
discussed around (2.7) in the absence of fundamental/anti-fundamental flavors, but with a potential parametrized by {τ
for n > 0 are made. This defines the generating function. The external momentum ξ parametrizes the (non-independent) FI parameters
The inclusion of N fundamental and anti-fundamental flavors can be obtained by shifting the times by additional parameters, namely
The additional factors recombine into the 1-loop determinants of fundamental and antifundamental chiral multiplets on the three S 3 's, whose masses are given by 7
Finally, since the relation (3.6) is valid for any set {n (i) } of non-negative integers, one can formally construct a much more general solution by considering an arbitrary superposition of matrix models (gran-canonical ensemble or coherent-like state), namely |Z ≡ {n (i) ≥0} K n (1) ,n (2) ,n (3) Z n (1) ,n (2) ,n (3) |ξ , (3.11)
for certain (oscillators/times-independent) coefficients K n (1) ,n (2) ,n (3) . In order to reproduce (2.8), one needs to set K n (1) ,n (2) ,n 
Discussion
Unfortunately, at present we do not have a satisfactory explanation of the exponentiation of the screening charges (i.e. K n (1) ,n (2) ,n (3) = 1) nor of the weight factor without explicitly referring to some gauge theory argument. However, from the algebraic viewpoint, besides the construction of the proposal being very simple and natural, we may observe that: i) thanks to the exponentiation {n (i) } Z n (1) ,n (2) ,n (3) ∼ exp( i S (i) ), when this operator is sandwiched between external Fock states with finite momentum (as necessary in order to have a pure defect partition function/Dotsenko-Fateev q-conformal block) the right number of screening charges is automatically picked up; also, the exponentiation hints to a worldsheet model similar to Liouville 2d CFT proposed in [59] ; ii) the simple and specific weight factor may be needed once analytic, modular or crossing symmetry properties are imposed [35] ; iii) the open questions may be solved by studying the more elementary DingIohora-Miki algebra [81, 82] , the fundamental symmetry of matrix models arising in the present gauge theory context [83] [84] [85] [86] , which in our setup would give rise to the q-Virasoro algebra together with and additional Heisenberg algebra [87] which may play an important role here (similarly to the undeformed 4d case [88] ). What we have discussed in this short note deserve further studies, also in view of a possible parallel story on S 4 which we leave for future work.
